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Abstract 

We show that elements of Hilbert A-module obtained by completion 
of the space of square-integrable functions on a space with measure X 
taking values in a C*-algebra A cannot be viewed as A-valued functions 
on X defined almost everywhere 

Let A be a C*-algebra. Let X be a space with finite measure and let {Ei} 
be a countable division of X by non-intersecting measurable subsets. We call 
as usual a function / on X elementary if it is of the form 

i 

where Xe is the characteristic function of E. Define an inner A-valued product 
on the space of elementary functions by 

where {Ei} is a subdivision of divisions for / and g. We call such function 
square-integrable if the series 

ii/f = (/,/) = E«r«^ Mi?.) (1) 

converges in norm in A. Completion of the space of square-integrable elemen- 
tary functions with respect to the norm (1) we denote by L'^{X; A). Existance 
of the Walsh basis in L'^{X) consisting of functions which are equal to ±1 
almost everywhere makes this definition equivalent to the standart one (cf [|l| , 
1^), where it is shown that L'^{X; A) is a Hilbert A-module isomorphic to the 
Hilbert module kiA) §. 

Unlike the case of the space of C-valued square-integrable functions it is 
impossible to consider elements of L'^{X; A) as A- valued functions on X defined 
almost everywhere. Also there is nothing like the classical Lusin's C-property. 



It is so even in the most "convenient" case of A being a commutative W*- 
algebra. 

Example. Let X = Y = [0]1] with the standart measure /x, and let 
A — L°°{Y). Define a sequence of elementary functions {/„} G L'^{X;A) by 
induction. Put fi{x) — Xxiv) ^ ^- ^"^h step divide X into 2"~^ equal 

intervals E^j. i — 1, . . . , 2"'"^. Going to the (n+l)-th step divide each of these 
intervals into two equal intervals £^„+i^2i-i and En+i^2i- Suppose that on the 
n-th step we have 

fn{x) = gi{y) e A, when x e En,i 

and define 

fn+i{x) = gi{y) + Xb„+i,,(z/), i = E(^) when x e £^n+i,j. 
Obviously we have 

2" ]^ 2" 2 

ll/n - fn+l\\L^X;A) = H Xe^+i (?/) " = 7^ J2 X E^+i j (y) = ^> 

hence the sequence {fn} is fundamental in L'^{X; A). But for almost all x G X 

K{yey- fnix)>n})^^, 
so almost everywhere on X f{x) e A fails. 

Remcirk. Nevertheless for any C*-algebra A and for any positive functional 
(f) & A* we can prolonge its action from A to elementary functions by 

and then to L'^{X]A) and even to its dual module L'^{X;A)' — 
HomAiL'^iX; A); A), ^ : L'^{X; A) — > L^{X) and the estimate 

for / = J^O'iO'iXEii^) shows that 4>{f) is square-integrable on X for any / G 
L'^{X; A)' and for any positive (f) e A*. 
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